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ON NEARLY SEMIFREE CIRCLE ACTIONS 


DUSA MCDUFF AND SUSAN TOLMAN 


Abstract. Recall that an effective circle action is semifree if the sta¬ 
bilizer subgroup of each point is connected. We show that if {M,oj) is a 
coadjoint orbit of a compact Lie group G then every element of 7ri(G) 
may be represented by a semifree S'^-action. A theorem of McDuff- 
Slimowitz then implies that 7ri(G) injects into 7ri(Ham(M,w)), which 
answers a question raised by Weinstein. We also show that a circle 
action on a manifold M which is semifree near a fixed point x cannot 
contract in a compact Lie subgroup G of the diffeomorphism group un¬ 
less the action is reversed by an element of G that fixes the point x. 
Similarly, if a circle acts in a Hamiltonian fashion on a manifold (M, lo) 
and the stabilizer of every point has at most two components, then the 
circle cannot contract in a compact Lie subgroup of the group of Hamil¬ 
tonian symplectomorphism unless the circle is reversed by an element 
of G 


1. Introduction 

This paper is an attempt to understand topological properties of Lie 
group actions. Its starting point was the following theorem of McDuff- 
Slimowitz pQ concerning circle subgroups of Symp(M, a;), the group of sym- 
plectomorphisms of a symplectic manifold (M, w). Recall that an effective 
circle action is semifree if the stabilizer subgroup of each point in M is ei¬ 
ther the circle itself or the trivial group. Also, we say that a circle subgroup 
A of a topological group 7i is essential in Ti if it represents a nonzero 
element in 7ri{TC) and inessential in Ti otherwise. 

Theorem 1.1. Any semifree circle action on a closed symplectic manifold 
{M,uj) is essential in Symp(M, w). 

This is obvious if the action is not Hamiltonian since in this case the flux 
homomorphism 

Flux : 7ri(Symp(M, w)) —> R^(M, M) 
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does not vanish on A. However, if the action is Hamiltonian with generating 
Hamiltonian K : M —> M then the result is not so easy: the proof in ^ 
involved studying the Hofer length of the corresponding paths t € [0, T], 
in Ham(M, oj). 

The hrst result in this paper uses the theorem above to answer a question 
posed by Alan Weinstein in [1]. Let G be a semisimple Lie group with Lie 
algebra g. Let M C g* be a coadjoint orbit, together with the Kostant- 
Kirillov symplectic form oj. If the coadjoint action of G on M is effective, 
then G is naturally a subgroup of Ham(M, w), the group of Hamiltonian 
symplectomorphisms of This inclusion induces a natural map from 

the fundamental group of G to the fundamental group of Ham(M, w). We¬ 
instein asks when this map is injective. We prove that this map is injective 
for all compact semisimple Lie groups. In Vina established a special case 
of this result by quite different methods. 

Theorem 1.2. Let a compact semisimple Lie group G act effectively on a 
coadjoint orbit Then the inclusion G —> Ham(M, w) induces an 

injection from vri(G) to 7ri(Ham(M, a;)). 

In view of Theorem ll.il this is an immediate consequence of the following 
result, which we prove in Section |2J 

Proposition 1.3. Let a compact semisimple Lie group G act effectively on 
a coadjoint orbit Then every nontrivial element in tti{G) may be 

represented by a circle that acts semifreely on M. 

Theorem 11.11 immediately implies that if a compact Lie group G acts 
effectively on a closed symplectic manifold (M, w), then any semifree circle 
subgroup A C G is essential in G. The other results in the paper generalize 
this claim. 

Observe that Theorem II .11 does not immediately extend to the smooth 
(non-symplectic) category. For example, Claude LeBrun pointed out to 
us that the circle action on 5^ induced by the diagonal action of on 
C2 = R4 C RS is semifree but gives a nullhomotopic loop since 7ri(S'0(5)) = 
Z/2Z. Nevertheless, the semifree condition does have consequences in the 
smooth category, even if the action is only semifree on a neighborhood of 
a component of the fixed point set; we shall say that such components are 
semifree. Further, given a circle subgroup A C G we say that g & G 
reverses A in G if gtg~^ = t~^ for all t G A. Finally, a component F of the 
fixed point set of A is symmetric in G if there is an element g € G 
whose action on M fixes F pointwise and which reverses A. 

Theorem 1.4. Let A be a circle subgroup of a compact Lie group G which 
acts effectively on a connected manifold M. If there is a semifree component 
of the fixed point set which is not symmetric in G, then A is essential 
in G. 

Example 1.5. First, let G = 517(2) act on CP^ by the defining represen¬ 
tation on the first two copies of C, and let A C G be the circle subgroup 
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given by \ ■ [zq \ zi \ Z 2 ] 1 —> [Azq : \~^zi : ^ 2 ]. This action has a semifree 
fixed point, namely [0,0,1]. Moreover, this circle subgroup is inessential in 
G. Therefore, by the theorem above, there exists g ^ G which reverses the 
circle action and fixes [0,0,1]. In fact, we can take any g which lies in the 
normalizer N[A) but not in A itself. Note that g'^ = —I for any such g. 

In contrast, consider the natural action of G = PU{3) on CP^, and let 
A C G be the circle subgroup given by \ ■ [zq : zi : ^ 2 ] : zi : 2 : 2 ] • 

This action is semifree and essential, but is not reversed by any g € G. To 
see this, note that the circle has order 3 in 7ri(G), whereas every circle that 
can be reversed has order 1 or 2. 

One can weaken the semifree hypothesis in the above theorem, at the 
cost of adding a global isotropy assumption and working once more in the 
symplectic category. We say that a circle action has at most twofold 
isotropy if every point which is not either fixed or free has stabilizer Z/(2). 
Recall, also, that a symplectic action of G on (M, a;) is Hamiltonian if it is 
given by an equivariant moment map : M —^ g*. 

Theorem 1.6. Let A he a circle subgroup of a compact Lie group G which 
acts effectively on a connected symplectic manifold (M, tu). If A has at most 
twofold isotropy and if there is no g & G which reverses A, then A is essential 
in G. 

Example 1.7. This theorem does not extend to circle actions which have 
at most threefold isotropy. For example, the action of on CP^ given by 
A • [x,y,z,w] = [A^x, A“^y, A“^ 2 ;, uj] is inessential in PU{4). However, since 
Pmux and F]nin are not diffeomorphic, this action has no reversor. 

We also need the symplectic hypothesis. To see this, consider the obvious 
action of SU{3) on := U { 00 }. The subgroup A ;= diag (A^, A“^, A“^) 
acts with at most twofold isotropy but has no reversor. 

Remark 1.8. If G is a simple group, we do not need to assume that (M, a;) 
is symplectic in Theorem 11.61 we only need to assume that there exists a 
point p which is fixed by a maximal torus containing A but is not fixed by 
all of G. Note that, in contrast, in the example above, the only points fixed 
by A are fixed by all of G. 

Remark 1.9. If A is any circle subgroup of SO{3) - or indeed a subgroup 
of any simple group of type Bn, Gn, or F 4 - then there exists a g £ G which 
reverses A. In this case. Theorem nn is trivial and the force of Theorem II.41 
is that we can choose g so that it also fixes p. 

Remark 1.10. In the proof of the above theorems, we pick a maximal 
torus T which contains A. The reversor g that we construct lies in the 
normalizer N{T) and has the property that lies in T. However, as we 
saw in Example ini g^ may not be equal to the identity. 

Theorems 01 and ESI have the following easy corollaries: 
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Corollary 1.11. Consider a Hamiltonian circle action K on a closed sym- 
plectic manifold (M, uj) with moment map K : M —> M, normalized so that 

Ku)"' = 0. If F is a semifree fixed component, then A is essential in 
every compact subgroup G C Symp(M, w) that contains it, unless there is a 
symplectomorphism g of M that fixes F and reverses A. In this case, all the 
following hold: 

(1) K{g{p)) = —K{p) for all p € M^. 

(2) There is a one-to-one correspondence between the positive weights at 
p and the negative weights at g{p), and vice versa. 

(3) g induces an isomorphism on the image of the restriction map in 
equivariant cohomology 

(4) g{F) = F. In particular, 

(a) KiF) = 0. 

(b) The sum of the weights at F is zero. 

Corollary 1.12. Consider a Hamiltonian circle action K on a closed sym- 
plectic manifold (M, uj) with moment map K : M —> M, normalized so that 

Kio"' = 0. If the action has at most twofold isotropy, then A is essential 
in every compact subgroup G C Symp(M, w) that contains it, unless there is 
a symplectomorphism g of M that reverses A. In this case, all the following 
hold: 

(1) K{g{p)) = —K{p) for all p € M^. 

(2) There is a one-to-one correspondence between the positive weights at 
p and the negative weights at g{p), and vice versa. 

(3) g induces an isomorphism on the image of the restriction map in 
equivariant cohomology H*i{M) —> Hgi{M^). 

It is unknown whether the existence of such g is necessary for A to be 
inessential in Symp(M, a;). We make partial progress towards answering this 
question in |2j. 

All the results in this paper are proved by a case by case study of the 
structure of semisimple Lie algebras. 

2. COADJOINT ORBITS 

In this section, we prove Proposition II.31 We begin with a brief review of 
a few facts about Lie groups. 

Each simply connected compact semisimple Lie group is a product of 
simple factors, and its center is the product of the centers of its simple 
factors. Moreover, since its Lie algebra splits into a corresponding sum, 
the coadjoint orbits also are products of coadjoint orbits of simple groups. 
Therefore, we may assume that G is simple. 

Let G be a compact simple Lie group. Let G denote the universal cover 
of G, and G denote the quotient of G by its center. Let g denote the Lie 
algebra of G, and let t denote the Lie algebra of a maximal torus T <Z G. 
Let t' C t, £ C t, and t' C t be the lattices consisting of vectors ^ G t 
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whose exponential is the identity in G, G, and G, respectively. There is a 
one-to-one correspondence between I and circle subgroup of G, t and circle 
subgroups of G, and I and circle subgroups of G, given by sending A to 
t exp(tA). Note that i (Zt (Zl. Because G is simply connected, 

7ri(G) ^ ill C Ijl ^ 7ri(G). 


Let t* denote the dual to t, and let Act* denote the set of roots of 
G, i.e. the nonzero weights of the adjoint action T on gC) where qc is the 
complexification of g. The lattice £ is dual to the lattice in t* generated by 
the roots, i.e. A G £ precisely when 77 (A) G Z for all 77 G A. If we use the 
Killing form (•, •) to identify t and t*, then £ is generated by the set 


277 

(77,77) 



Further the set of weights at any fixed point p for the action of T on M is 
a nonempty subset of the set of roots. Therefore the result will follow if we 
hnd a representative A for each nontrivial class in £/£ such that | 77 (A)| < 1 
for every 77 G A. 

We will check this on a case by case basis; in each case we will use the 
Killing form to identify t and t*. Let (•,•) be the standard metric on 
with the standard basis ei,... ,ek, and define 





(I) For the group A^, where 77 > 1, t = t* = {A G | Aj = O} and 
the roots are e* — ej = e* — ej for i ^ j. Hence 

£ = {Xet \ Xi- Xj ij}, and £ = tnZ^+^. 

As representatives for the quotient £/£ = 'I,j{n + 1), we take A = Yli=i 
0 < k < n. 

(II) For the group where 77 > 2, t* = and the roots are Tcj and 
icj ± ej for i ^ j. Hence 

?=Z”, and £= |a G Z'^ I ^Ai G 2Z| . 

As representatives of the quotient £/£ = 'Ll{2), we take 0 and ei. 

(III) For the group G^, where 77 > 3, t* = and the roots are ±2ej and 

icj ± ej for i ^ j. Hence 

?= {A G M” I Aj ± Aj G Z, V 7, j}, and I = Z^. 

As representatives of the quotient £/£ = Ll{2) , we take 0 and ^ 
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(IV) For the group Dn, where n > 4, t* = and the roots are zhcj ± ej 
for i ^ j. Hence 

i = {A G I A* ± Aj G Z, Vz,j}, and 1= {a G Z" | ^ A* G 2z| . 

The quotient tji is isomorphic to Z/(2) ©Z/(2) if n is even, and to Z/(4) if 
n is odd. Either way, as representatives oi we take 0, ei, ^ 

(V, a) For the group Eg, t* = and the roots are 2e, e* — e^, and 
Cj + Cj + Cfc ± e for i, j, and k distinct, where e = ^^(1; 1) 1) 1; 1; !)• Hence, 

6 

I = |ne+(.^i,..., .^g) G I = 0, n G Z, —+Z^i G Z and ^i—^j G Z V i, , 

i=l 

i = jree + (^ 1 ,... ,^g) G M®| = 0,n G Z and ^ G Z V 

2 = 1 

As representatives of the quotient tji = Z/(3) , we take 0, ei + 62 , and 

-ei - 62 . 

(V, b) For the group Ey, t = t* = {A G | X] -^* = O}, and the roots are 
ej — ej, and ej + e^ + 6 ^ + 6 ; for i, j, A:, and I distinct. Hence 

£ = {A G t I 4Aj G Z and Aj—Aj i, j}, and = {A G t | Aj±Aj ^TL\I i,j}. 

As representatives for the quotient = Z/2Z, we take 0 and 61 + 62 - 

Every gronp of type Eg, E 4 , and G 2 is simply connected, so no fnrther 
argument is necessary. □ 


3. Lie Group Actions 

This section contains proofs of Theorems ll.4l and ll.hL We begin by stating 
a lemma about root systems, that is proved at the end. We shall always 
assume that the positive Weyl chamber is closed. 

Lemma 3.1. Let G be a simply eonnected compact simple Lie group. Let t 
be the Lie algebra of a maximal torus T C G. Let i be the integral lattice, let 
A denote the set of roots, and let W denote the Weyl group. Use the Killing 
form to identify t and t*. Fix X & i. Choose a positive Weyl chamber which 
contains A. Let <5 G A denote the highest root. Then the following claims 
hold: 

(a) If {X, 6) < 2, then there exist orthogonal roots r]i,...,rjk G A so that 
A = ^ aiTji and so that (A, r]i) = ai{r]i, rn) = 2 for all i. 

(b) Let L C A be a set of roots which contains every root 7 / G A such that 
6 + T] or 5 — r] is also a root. Assume also that L is closed under addition, 
that is, it contains every root which can be written as the sum of roots in L. 
Then L contains all roots. 


and 
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(c) If (A, 5) > 2 and —id : i —s- t is not an element of the Weyl group, then 
for every nonzero weight a ^ i* there exists a so that |((T • a, A)| > 1. 

(d) If —id : t —>■ t is not an element of the Weyl group, then 5 is the only 
root which lies in the positive Weyl chamber. 

Using this result, we can find find elements which reverse certain circle 
subgroups of simply connected compact simple Lie groups. Note that be¬ 
cause G is simply connected, every circle subgroup of G is inessential in 
G. 

Lemma 3.2. Let K he a circle subgroup of a simply connected compact 
simple Lie group G. 

(i) Let p : G —> GL(U) he a nontrivial representation of G. If A acts 
semifreely on V then there exists g G G that reverses A. 

(ii) Let H ^ G be a proper subgroup containing A. If the adjoint action of 
A on g/l) is semifree, then there exists h G H that reverses A. 

(hi) Let H ^ G be a proper subgroup containing a maximal torus which 
contains A. If the natural action of k on G/H has at most twofold isotropy, 
then there exists g G G that reverses A. 

The assumption in (ii) above is a special case of (i) since the representation 
V is restricted; however, the conclusion is stronger since it asserts that the 
reversor lies in H. Statement (ii) and (iii) are also related: the former makes 
a strong assumption about the action induced by A on the tangent space 
to G/H at the fixed point eH, the latter makes a weaker assumption about 
the action at all the fixed points on G/H. 

We will now use the claims in Lemma o to prove Lemma 13.21 Let T be 
a maximal torus which contains A. Let £ C t denote the integral lattice. Let 
A G ^ be the vector corresponding to A. Choose a positive Weyl chamber 
which contains A. Let <5 G A denote the highest root. 

Recall that the Weyl group W is the quotient N{T)/T, where N{T) is 
the the normalizer of T in G. Every root rj gives rise to an element Wr^ gW 
whose action on t* is given by Wr^{f3) = (5 — 

Proof of Lemma lOl (i). Let p : G —> GL(U) be a nontrivial represen¬ 
tation of G. Assume that A acts semifreely on V. 

Suppose first that (A, <5) < 2. By claim (a), there exist orthogonal roots 
^ 1 ) •••)%£ A so that A = ^ QiPi. Since the roots are orthogonal, for each 
Pi the associated element of the Weyl group Wr^^ takes pi to —pi and leaves 
Pj fixed for all j ^ i. Hence, their product w = takes A to —A, 

and so reverses A. 

So assume instead that (A, 5) > 2. If —id is in the Weyl group, then 
statement (i) is trivial. So we assume that it is not. Let T act on V via 
restriction, and pick any nonzero weight a G I* vo. the weight decomposition. 
By claim (c), we can find some a gW such that |((T • a, A)| > 1. Since a ■ a 
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also appears in the weight decomposition, this contradicts the assumption 
that the action of A on 1/ is semifree. □ 

Proof of Lemma l3.2l fill. Let H C G be a proper subgroup which contains 
A. Assume that the adjoint action of A on g/(] is semifree. Let L be the 
set of roots r] € A so that the associated weight space E^j C gc lies in Ijc- 
Clearly, if |(r/, A)| > 1, then Tj G L. 

Suppose first that (A, <5) < 2. By claim (a), there exist orthogonal roots 
r]i,... ,r]k € A so that A = ^ aiiji and so that (A, r]i) = 2 for every i. Since 
(7?j,A) = 2, rji lies in L for all i. Hence, the associated element of the Weyl 
group WrJ^ lies in H for all i. Thus w = Wrj^ ■ ■ ■ must lie in H. 

So assume instead that (A, S) > 2 . We see immediately that 6 and —6 lie 
in L. If r], r( and r] + r]' are all roots, then [Er^,E'^] = Erj+rj'- Hence, since 
f}C is closed under Lie bracket, if r] and r]' are in L then r] + r]' & L also, 
that is, L is closed under addition. Additionally, if rj and rj' are roots such 
that 5 = r] + T]', then either (A,?/) > 1 or {X,r]') > 1. If the former holds, 
then rj and —rj lie in L. Since L is closed under addition, so do r]' and —r]'. 
The other case is identical. Thus, claim (b) implies that every root lies in 
L. This contradicts the claim that LI is a proper subgroup. □ 

Proof of Lemma D ( iii). Let H C G be a proper subgroup which 
contains the maximal torus T, and assume that the natural action of A C T 
on G/H has at most twofold isotropy. 

If (A, 6 ) < 2 , then part (iii) follows by the argument used to prove part 
(i). So assume that (A,(I) > 2 . We may also assume that —id does not lie 
in the Weyl group, because otherwise the claim is trivial. Since H C G is 
proper, there exists at least one root rj so that the associated weight space 
Erj is not contained in l)c- Then there is fi € IT so that the root a ■ rj lies in 
the positive Weyl chamber. Hence by (d) cr • t/ = 6 , and so |(ct • r/, A)| > 2. 
Choose a G N{T) which descends to a. Then aH is a fixed point for T, and 
a - rj \s one of the weights for A at this fixed point. This contradicts the fact 
that the action has at most twofold isotropy. □ 

We are now ready to deduce Theorems II .41 and uni In both cases, we will 
do this by proving the contrapositive, that is, we will assume that A is an 
inessential circle subgroup and use this to construct a reversor. 

Let G denote the universal cover of G. Then G is the direct product of a 
compact simply connected semisimple Lie group and a vector space. Since 
A is inessential, it lifts to a circle subgroup of G. Since this lift must lie in 
the compact part of G, we may assume without loss of generality that G is 
a compact simply connected semisimple Lie group. 

In fact, it is enough to prove these claims for the universal cover of G, 
as long as we no longer insist on an effective action but instead allow a 
finite number of elements of the group to act trivially on M. Thus we 
may assume that G is the product of compact simple and simply connected 
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groups Gi X • • • X Gn- Let Aj be the projection of A to Gj. Without loss of 
generality, we may assume that A* ^ {id} for all i. 

Proof of Theorem ll.4L Let G = Gi X ■ ■ ■ X Gn as above. Choose p ^ F and 
let Lf C G be the stabilizer of p. Then A C H. There exists a representation 
V of H, called the isotropy representation, so that a neighborhood of 
the G-orbit through p is equivariantly diffeomorphic to a neighborhood of 
the zero section oi G XhV- Fix some simple factor Gj, and let Hi = LfnGi. 

Assume hrst that Hi is a proper subgroup. Note that g* is invariant under 
the action of A. Thus, since A acts semifreely on g/(] via the adjoint action, 
Aj acts semifreely on Qi/\)i. Thus, by Lemma 111.21 111') there exists an element 
hi G Hi that reverses Aj. 

So assume on the contrary that Hi = Gi. Let A' be the projection of A 
onto the product of all the simple factors except Gj. Since Aj C Gj C Lf 
and A C H, we must have A' C H. Hence A' acts on V. For any integer k, 
let Vk denote the subspace of V on which A^ acts with weight k. Since A^ 
commutes with Gj, 14 is a representation of Gi. Since only a finite number 
of elements of G act trivially on M, Gj must act nontrivially on GxjjV, and 
hence also on V. Therefore, there is some k so that the representation of 
Gj on 14 is nontrivial. Because Gj is simple, Aj must act with both positive 
and negative weights on 14 . But the weights for the action of A on 14 are 
the weights for the action of Aj shifted by k. Hence, because F is a semifree 
fixed point component, k = 0 and the action of Aj on 14 is itself semifree. 
Therefore by Lemma 1221(1) there exists hi ^ Gi = Hi that reverses Aj. 

Since hi reverses Aj for each i, g = {hi, ..., hn) reverses A, as required. 
Moreover, since Hi x ■ ■ ■ x Hn C H (in general they are not equal), g lies in 
H, and hence fixes p. □ 

Proof of Theorem nm Fix some simple factor Gj. Let W be the Weyl 
group of Gj. Let T C Gj be a maximal torus of Gj containing Aj. Let 
$ : M —> t* be the moment map for the T-action. Pick any ^ G t so that 
the one parameter subgroup generated by ^ is dense in T. Let p be any 
point which maps to the minimum value of the component of ‘h in the 
direction 4 By construction, p is a fixed point for T. Assume first that 
‘h^(p) = 0, that is, the function <1>^ is nonnegative on M. Since the moment 
polytope <1>(M) is invariant under the Weyl group W , this implies that 
is also nonnegative on M for all a G W. Because Gj is simple and ^ is a 
generic point of t, for any nonzero x G t* there exists an element cr G IT such 
that {a ■^,x) < 0. Applying this to x G <1>(M)\{0}, we see that <h(M) must 
be the single point {0}, which is impossible, because the action is effective. 
Therefore, <l>(p) / 0. 

Now let us reconsider the action of G on M. Let H be the stabilizer of p 
in G, and let Hi = H D Gj. Since A acts with at most twofold isotropy on 
G/H C M, Aj acts with at most twofold isotropy on Gi/Hi. Since ‘h(p) is 
not zero, the stabilizer of ^{p) in Gj. is a proper subgroup of Gj. Since <1> 
is equivariant, this implies that Hi is a proper subgroup of Gj. By Lemma 
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EH (iii), this implies that there exists gi G Gi which reverses Aj. Then 
(ffi, ••• , 5 n) reverses A. □ 

Proof of Lemma lOl We now prove claims (a)-(d) on a case by case 
basis, using the classification of compact simple Lie groups. We will use the 
notation of Note, however, that here G = G since G is simply connected. 

(I) Recall that for the group An, where n > 1, t = t* = {^ G M"" | ^ = 0}, 

the roots are ei — ej = ei — ej for i ^ j, and the integral lattice is £ = fit. 

The positive Weyl chamber is^ 

{eGt|ei>--->Cn+l}. 

The highest root is <5 = ei — Cn+i- 

If (A, (5) = Ai — An+i < 2 , then |Ai| < 1 for all i. Since — 0 

Aj G Z for all i, there are an equal number of +l’s and —I’s, and the rest 
are O’s. Hence, A is the sum of orthogonal roots of the form g = Ci — ej. 
Since {g,g) = 2 , this proves claim (a). 

Since 5 = {ei - ek) + (e^ - Cn+i), the roots ±(ei - Cfc) and ±(efc - en+i) 
lie in L for all 1 < fc < re + 1. If neither i nor j is equal equal to 1, then 
ei — ej = —(ei — e*) + (ei — Cj) is also in L. This proves claim (b). 

We now prove (c). The weight lattice is £* = {a G 11 a* — G Z V i,j}. 
By permuting the coordinates of a, we may assume ai > • • • > Since 

a 7 ^ 0, there exists k G (l,...,re) such that ak — oik+i > 0; since this 
difference lies in Z, it must be at least 1. Since Ai — A„+i = Ai + A* > 2 
and Aj > \i+n-k, ZljLi + Ya=i~^ > 2- Therefore, either Yli=i > 1 
or Y17=i~^ Aj > 1. In the former case, 

n / ^ \ ^ 

{a, A) = ^ {aj - aj+i) ^ Aj > {ak - afc+i) ^ Aj > 1 . 

j=l V i=l J i=l 

In the latter case, let a' be obtained from a by the permutation which 
reverses the coordinates, so that a{ = an+ 2 -i- Then 

n / j \ n+l—k 

{a , A) — 'y ^ I {an+ 2 —j Q^n+ 1 —jr) 'y ^ Aj I ^ (ctfc-i-i ak^ ^ ^ Aj < 1. 

j=l \ i=l J i=l 

The only facts we have used are that t = {^ G M”" | X^j^j = 0}, that the 
Weyl group contains the permutation group S'„, and that Oj — G Z for 
any a ^ I*. 

Finally, 6 is the only root in the positive Weyl chamber. 

( II ) Recall that for the group Bn, where re > 2, t = t* = M”", the roots are 
±ej and ±ej ± ej for i ^ j, and the integral lattice is f = {^ G Z” | X)j ^ 

^For uniformity, we shall always use the lexigraphical order to choose the positive Weyl 
chamber. 
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2Z}. The positive Weyl chamber is G t | > • • • > > 0}. The highest 

root is 5 = ei + 62 - 

If (A, 5) = Ai + A 2 < 2 , then either Ai = 2 and A* = 0 for all i ^ 1, or 
Aj < 1 for all i. Either way, since ^ can write A as the sum of 

orthogonal roots rji such that {r]i,r]i) = 2 . 

Since 5 = {ei - eu) + (e 2 + Cfc) = (ei + eu) + (e 2 - Cfc), the roots ±ei ± 
and ±62 ± Cfc lie in L for A: 7 ^ 1 or 2 . Since 5 = (ei) ± ( 62 ), the roots ±ei 

and ±62 lie in L. Every root can be written as a sum of these roots. 

Since —id lies in the Weyl group, we are done. 

(III) Recall that for the group Cn, where n > 3, t = t* = the roots are 

±2ej and ± 6 * ± ej for i 7 ^ j, and the integral lattice is i = Z”. The positive 
Weyl chamber is G t | > • • • > ± 0 }. The highest root is 5 = 26i. 

If (A, S) = 2Ai < 2, then A* < 1 for all i. Since A G Z”, we can write A as 

half the sum of orthogonal roots of the form 26*. Note that (A, 26*) = 2 . 

Since 5 = (ei — Sk) ± (ci ± 6 ^), the roots ±61 ± 6 ^ lie in L for /c 7 ^ 1. Every 
root can be written as a sum of these roots. 

Since —id lies in the Weyl group, we are done. 

(IV) Recall that for the group D**, where n > 4, t = t* = M”, the roots are 

±6* ± 6 j for i ^ j, and the integral lattice is £ = {.^ G Z"" | ^ ,f* G 2Z}. The 
positive Weyl chamber is G t | > • • • > ^n-i > |Cn|}- The highest root 

is (5 = 61 ± 62. 

If (A, 5) = Ai ± A 2 < 2 , then either Ai = 2 and A* = 0 for all A 7 ^ 1 , or 
I A* I < 1 for all i. Either way, since A* G 2Z, we can write A as the sum 
of orthogonal roots ry* such that (i?*,ry*) = 2 . 

Since 6 = {ei - et) ± (62 ± eu) = (ci ± 6 ^) ± (62 - 6 fc), the roots ±61 ± 6 ^ 
and ±62 ± Cfc lie in L for /c 7 ^ 1 or 2. Every root can be written as a sum of 
these roots. 

Now assume that ((5, A) = Ai ± A 2 > 2. Consider a nonzero weight a G 
C = {a G M” I a* ± aj G Z V A, j}. By applying the Weyl group, we may 
assume a lies in the positive Weyl chamber. Since A also lies in the positive 
Weyl chamber, q;*A* > 0 for all i ^ n. Moreover, since «**-! > \otn\-, and 
An-I > |An|, an-iAn-i ± ttnA** > 0. Therefore, asAs ± ••• ± anXn > 0. 
(Here, we have used that n > 4.) Since a is nonzero, either ai > 1, or 
ai = a 2 = ^- In either case, aiAi ± 02 A 2 > 1 . (In the first case, we use 
the fact that Ai ± A 2 > 2 and Ai > A 2 implies that Ai > 1.) Therefore, 
(a, A) > aiAi ± a 2 A 2 > 1, This proves claim (c). 

Finally, S is the only root in the positive Weyl chamber. 

(V, a) Recall that for the group Eg, t = t* = and the roots are 2e, 
6 * —ej, and e*±ej±efc±e for i,j, and k distinct, where e = ^^( 1 ) 1 ) 1 ) !> !)• 

Therefore 

£ = |ne± ( 6 ,- • -,6)1 = 0,n G Z,and ^ ±Ci G Z V i|. 

i=l 
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The positive Weyl chamber is 

6 

{ne + (6,... ,^6) G t I = 0,6 > • • • > ^6, 6 + ^5 + ^6 > n/2 > o}. 

i=\ 

(Note that these conditions imply 6 > 6-) The highest root is (5 = ei — eg. 

Write A = ne + (6, •••,6), where — 0- Assume that (A,5) = 

6 “ ^6 < 2. Combining the inequalities 6 “ 6 ^ 2, 6 > ^5, 6 > ^6, 
and 6 + ^5 + ^6 > f, we see that 6 > Since also 6 + 6+6 + 0, 

6 + 6, Slid 6 + 6, we have 6 + 0. Moreover, in both cases, if the final 
inequality in the sentence is an equality, so are all the preceding ones. Since 
n>0, 0>6 + “|- Since A G £, 6 = 0 or 6 = “f- Iii the former case, 
6=6 = 6 = 0, so 6 + 6 + 6 = 0, so n = O. Hence, A = (ei - eg). In 
the latter case, n is odd, so 6 = “^ + implies that n = 1. In this case, 
A = (ei — eg) + (e + ei + €2 + eg). This proves claim (a). 

Since (5 = (ei — e*) + (e* — eg), the roots ±(ei — e*) and ±(ei — eg) lie in L 
for all 1 < i < 6. Moreover, 5 = (e + ei + e^ + ej) — (e + e^ + ej + eg), so the 
roots ±(e + ei + ej + ej) and ±(e + e* + ej + eg) lie in L for all 1 < i < j < 6. 
Since, for example, e + ei + e 2 + es = e — e 4 — eg — eg, it follows easily that 
L contains ^11 roots. 

Let a G C be a nonzero weight. Write A = ne + ^ as before. By applying 
the Weyl group, we may assume that a = me + (Ci, • • •, Ce) is in the positive 
Weyl chamber. Since (a. A) > (C,6) + is enough to show that (C,6 > 1- 
This fact now follows from the argument from Ag, since ((5, A) = (<5,6 > 2, 
since the Weyl group contains the permutation group 5g, and since C, must 
satisfy Ci — Cj G Z. 

Finally, 5 is the only root in the positive Weyl chamber. 

(V, b) Recall that for the group Ej, t = t* = {C G | ^ C* = 0}, the 
roots are — ej and e* + ej + ek + ei for i, j, k, and I distinct, and the integral 
lattice is £ = {C G t I 6 + 6 ^ ^ hJ}- The positive Weyl chamber is 

{C G t I 6 > • • • > 6 and 6 + 6 + 6 + 6 > 0}. 

(Note that this automatically implies that Ci + 6-) The highest root is 
6 = ei- eg. 

Assume that ((5, A) = Ai — As < 2 . Combining the inequalities Ai — As < 2 , 
Ai + Ag + A 7 + As > 0, and Ag > Aj for i = 6, 7 and 8, we see that Ag > — 
Since also A 2 + A 3 + A 4 + Ag >0 and A* > Ag for i = 2, 3 and 4, Ag < 0. 
Moreover, in both cases, if the last inequality in the sentence is an equality, 
all the inequalities are equalities. Since A G £, the only possibilities are 
Ag = 0 or Ag = — ^. In the former case, we must have A = ei — es. In the 
latter case, the only possibilities are A = (ei + 62 + £3 + £ 4 ) + (£1 — £ 4 ), or 
A = (£1 + £2 + £3 + € 4 ) + (ei - £ 4 ) + (£2 - £ 3 )- The proves claim (a). 

Since d = (ci — £*) + (cj — £s), the roots ±(£i — £*) and ±(£j — £s) lie 

in L for all 1 < i < 8. Since d = (ci + £* + ej + £fc) - {ei + ej + £fc + £ 3 ), 

the roots ±(£i + £i + ej + ek) and +(£* + ej + £fc + £ 3 ) also lie in L for all 
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l<i<j<k<8. All roots can be written as a sum of these roots. This 
proves claim (b). 

Since £ C Z® D t, — aj G Z for every a G C t* . Hence, the argument 
for claim (c) follows from the argument for Aj. 

Finally, 6 is the only root in the positive Weyl chamber. 

(V, c) For the group F's) t = t* = {? £ I X] = 0 } roots are 

€i — ej, and ±(ei + ej + e^) for i,j and k distinct. Hence the integral lattice 
is 

£ = G t I G Z and € ZV i,j}. 

The positive Weyl chamber is 

{C £ 11 ^2 > • • • > ^9 and ^2 + < 0}. 

(Note that these conditions imply that > .^2-) The highest root is (5 = 
ei - eg- 

Assume that (( 5 , A) = Ai — Ag < 2. Combining the inequalities 

Ai — Ag < 2 , Ai + A5 + Ag + A7 + Ag + Ag > 0 , A* < A4, i > 4 , 

we see that A4 > — Since A2 + A3 + A4 < 0 and A2 > A3 > A4, A4 < 0 . 
Moreover, in both cases, if the last inequality in the sentence is an equality, 
all the inequalities are equalities. Since A G £, the only possibilities are 
A4 = 0 or A4 = — i. In the former case, A = ei — eg. In the latter case, 

A = (ei — eg) + (ei + e2 + eg). Claim (a) follows. 

We now notice that S = ei — eg = (ei — e^) + (e^ — eg) = (ei + e* + e^) — (e* + 
ej + eg) for all 1 < /c < 9 and 1 < i < j < 9 . Therefore, the corresponding 
roots ±(ei - efc), ±(efc - eg), ±(ei + e* + ej), and ±(ei + ej + eg) all lie in L. 
Since every root can be written as a sum of these roots, claim (b) follows. 

Since i CZ^ Hi, ai — aj € Z for every a € £* C i*. Hence, the argument 
for claim (c) carries over from the argument for the group Ag. 

Finally, 6 is the only root in the positive Weyl chamber. 

(VI) For the group F4, t = t* = M^. The roots are Te*, ei±ej for i ^ j, and 
^(±ei ± 62 ± 63 ± 64). Hence the integral lattice is £ = G Z^ | ^ G 2 Z}. 
The positive Weyl chamber is 

{C £ t I 6 > ^3 > ^4 > 0 and 6 > 6 + ^3 + ?4}- 

(Note that automatically .^1 > .^2-) The highest root is 5 = ei + 62. 

The argument for claim (a) carries over word for word from the argument 
for H4. 

Notice that if A: = 3 or 4 

= 61 + 62 = (ei) + (62) = (ei - 6fc) + (62 + 6fc) = (ci + 6fc) + (62 “ 6fc) 

= ^(ei+ 62 + 63 + 64) + ^(61+62 -63 -64) 

= ^(ei + 62 - 63 + 64) + i(6i+ 62 + 63 - 64). 


5 
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Hence, the corresponding roots all lie in L. Since every root can be written 
as the sum of these roots, this proves claim (b). 

Since —id lies in the Weyl group, we are done. 

(VII) For the group G 2 , t = t* = {? € 1^^ I = 0}. The roots 

are ±ej and — ej for i and j distinct. The positive Weyl chamber is 
€ t* I 0 > ^2 > Ca}- (Note that automatically > ^ 2 -) The integral 
lattice is I = 1 ? r\i. The highest root is 5 = ei — 63. 

The argument for claim (a) follows the argument for H 3 word for word. 
Since 5 = (ei-e 2 ) + (e 2 -e 3 ) = (ei) + (-e 3 ), the roots ±( 61 - 62 ), ±( 62 - 63 ), 
±61 and ±63 all lie in L. Since every root can be written as a sum of these 
roots, claim (b) follows. 

Since —id lies in the Weyl group, we are done. 
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